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ON HIGHER HESSIANS AND THE LEFSCHETZ PROPERTIES 


RODRIGO GONDIM 


Abstract. We deal with a generalization of a Theorem of P. Gordan and M. Noether on 
hypersurfaces with vanishing (first) Hessian. We prove that for any given N > 3, d > 3 and 
2 < fc < I there are irreducible hypersurfaces X = V{f) C P^, of degree deg(f) = d, not 
cones and such that their Hessian of order fc, hessj, vanishes identically. The vanishing of 
higher Hessians is closely related with the Strong (or Weak) Lefschetz property for standard 
graded Artinian Gorenstein algebra, as pointed out first in |Wal| and later in |MW| . As 
an application we construct for each pair {N,d) yf (3,3), (3,4), standard graded Artinian 
Gorenstein algebras A, of codimension N + 1 > 4 and with socle degree d > 3 which do not 
satisfy the Strong Lefschetz property, failing at an arbitrary step k with 2 < k < We 
also prove that for each pair {N,d), N >3 and d>3 except (3,3), (3,4), (3,6) and (4,4) 
there are standard graded Artinian Gorenstein algebras of codimension A + 1, socle degree 
d, with unimodal Hilbert vectors and which do not satisfy the Weak Lefschetz property. 


Introduction 

The Weak and the Strong Lefschetz Properties for K-algebras are algebraic abstractions 
inspired by the Hard Lefschetz Theorem on the cohomology rings of smooth complex pro¬ 
jective varieties (see [HMMNWWt IMN1| ). Those properties have strong connections with 
commutative algebra, combinatorics and geometry as one can see in [HMMNWWl IMNllIMSj . 

We will be interested in Gorenstein algebras. A standard graded K-algebra A is Goren¬ 
stein if and only if it satisfies the Poincare Duality Property (see Proposition 11.11]) . This 
property is the algebraic analogue of Poincare Duality Theorem for the cohomology ring (see 
Definition 11.101 and Proposition II.111) . Since we are interested in construct algebras failing 
SLP, by Lefschetz’s hard Theorem (see [Laj ) we are askink for algebras that can not occurs 
as cohomology rings of smooth projective varieties. 

The more systematic way to produce examples of graded Artinian Gorenstein algebra not 
satisfying the WLP seems to be the construction of algebras having nonunimodal Hilbert 
vector. Stanley in |St2] constructed the first example of a nonunimodal Artinian Gorenstein 
algebra. After that, others authors studied nonunimodality and its implications ([Ell ESI 
IBoll IMNZ| j. In |MRO| the authors introduced a geometric approach which allowed them 
to produce other examples of Artinian Gorenstein algebra not satisfying the Weak Lefschetz 
property. The examples obtained in m and [MW| consist of standard graded Artinian 
Gorenstein algebras having unimodal Hilbert vector and not satisfying the WLP. These ex¬ 
amples inspired us although they seemed to be sporadic and, apparently, without a strong 
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motivation explaining their constructions. 

Our goal in this paper is to present new families of algebras which do not satisfy the SLP 
or the WLP. Our main results are Theorem 12.31 Theorem l2.8[ Corollary 13.31 and Theorem [331 
The first and the second one are generalizations of Gordan-Noether’s Theorem on the exis¬ 
tence of non trivial forms with vanishing hessians the other two are aplications on algebras 
failing SLP or WLP. The families constructed, in general, have unimodal Hilbert vectors (see 
Theorem l3.8[) . The constructions of these families were motivated by the Hessian criterion for 
Lefschetz elements (see [Walt IMW| ), according to which the vanishing of any kth. Hessian of 
a form implies that the associated algebra does not satisfy the SLP. Therefore, we construct 
families of forms whose fcth Hessian vanish identically (see Theorem 12.31 Proposition 12.51 and 
Theorem 12.8p . 

Hypersurfaces with vanishing Hessian were first studied by O. Hesse who claimed twice 
they must be cones f [Hell IH^ L P. Gordan and M. Noether proved in |GN| that for arbi¬ 
trary degree d > 3 Hesse’s claim is true for N < 3 (c.f. Theorem ESP and false for N > 4, 
by constructing a series of counterexamples in for each N > 4 and for each d > 3 (see 
13.lip . In Corollary 12.101 we prove a generalization of this result for higher Hessians. More¬ 
over Gordan and Noether also classify all hypersurfaces with vanishing Hessian in P^ showing 
that they are either cones or belong to their series. This classical work has been revisited in 
l |CRSp IdBj ILo P [GRl IWa2p IWa3p [Ru] ). In [Pej U. Perazzo studied the case of cubic hypersur¬ 
faces with vanishing Hessian and his contributions have been rewritten in modern terms in 

[cTr3] . 

Proposition 12.11 replaces the strategy for the construction of all known hypersurfaces with 
vanishing Hessian. In this proposition we give a sufficient condition for the vanishing of 
kth Hessian which is shared by all known examples. Although many counterexamples to 
WLP are known for each codimension N -|- 1 > 3, at the best of our knowledge no series 
of examples for each socle degree d = deg(/) has been constructed so far. One of our main 
results is Theorem 13.81 where we show that for each pair (N, d) with N >3, and with d > 3, 
except {(3,3), (3,4), (4,4), (3,6)}, there exist standard graded Artinian Gorenstein algebras 
of codimension N + 1 and socle degree d that do not satisfy the WLP. In the cases (3, 3) 
and (3,4) the algebra satisfy the SLP by Gordan-Noether Theorem 13.91 and the case (4,4) 
is treated separately in Proposition 13.51 

The first family considered is a broad generalization of an example in codimension 4 due 
to Ikeda (see [10 IMW] ). The second class of examples is a generalization of the idea used to 
construct the GN polynomials in [GN] which are of the same type as those treated in |Pe| 
(see Proposition 12.51 and |CRS] L 

Now we describe in more detail the contents. The first section is devoted to preliminary 
results, including the basic definitions of gradient and Hessian of order k. We introduce the 
Lefschetz properties for graded Artinian algebras and we focus on standard graded Gorenstein 
Artinian algebras, which are our main object of analysis. To this aim we also recall a useful 
characterization of standard graded Artinian Gorenstein K-algebras, Theorem ll.51 Finally we 
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state the Hessian criterion dne to Watanabe, Theorem ll.131 connecting the previous subjects. 

The second section contains the main constructions, two families of forms with vanishing 
higher hessian generalizing Gordan-Noether’s theorem (c.f. Theorem l3.11jl . We call the poly¬ 
nomials in the first family the exceptional and those in the second family GNP-polynomials 
(where GNP stands for Gordan-Noether-Perazzo). The two families are of different nature 
and the second one includes the case k = 2. Gorollarv 12.101 summarizes all the constructions 
of this section. 

In the third section we apply the previous results to construct algebras not satisfying the 
SLP and/ or the WLP. Thus, Theorem 13.111 can also be translated in a result concerning al¬ 
gebras not satisfying SLP (see Corollary 13.21) . Theorem 13.81 deals with algebras not satisfying 
the WLP but having a unimodal Hilbert vector, showing that there are such examples for 
arbitrary socle degree d> 3. 

For reader’s convenience we recall the main results of Gordan-Noether’s theory in an 
Appendix. The most detailed account on this theory is |Rul Chapter 7]. We recall two 
fundamental results due to Gordan and Noether, Theorem 13.91 and Theorem 13.111 dealing 
with Hesse’s claim for Hessian in the usual sense. We also survey the classical constructions 
due to Gordan-Noether, Permutti and Perazzo of families of hypersurfaces not cones and 
with vanishing Hessian. 

1. Preliminaries: Higher Hessians and the Lefschetz properties 

In this paper IK denotes a field of characteristic zero. Let R = ]K[a:o,..., xat] be the 
polynomial ring in A" -|- 1 variables and let Rd = IK[a:o,... ,XN]d be the IK vector space of 
homogeneous forms of degree d. The standard IK-basis of IK[a; 0 ) • • • j is 

N 

B = {^xl^\ eQ + ... + eN = d], 
i=0 

yielding the well known formula dimKlK[xo,... ,XN]d = 

Definition 1.1. If R = IK[xo, ■ ■ ■ jXat], we denote by 

Q = K[Xo,,...,Xn] 

the ring of differential operators on R, where Xi := 

For each d > k > 0 there exist natural M.-bilinear maps Rd x —)• Rd-k defined by 

differentiation, (/, a) >-->■ f^ ■= a{f). 

Remark 1.2. Notice that for a £ Q and f £ R we use the two notations fa and a(/) 
interchangeably meaning the differential operator a acting in /. 

For each d > 1 the IK-bilinear map Rd x Qd —)• IK is non degenerate, hence there is a natural 
identification Qd — Rd- The duality implies that for each set of linearly independent forms 
/i,..., /s £ Rd, there are differential operators ai,..., £ Qd such that ai{fj) = 6ij, the 

Kronecker’s delta. 
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Definition 1.3. Let f & R = ]K[xo, • • •, xat] be a polynomial and let k > 1. If B = 
{ai,...,®!/} C K[Xo,..., XAr]fc is any ordered basis of Qk, v = i'{N,k) = we de¬ 

fine the kth gradient of f with respect to the basis B by 

Vb! = Mf),...,aM))- 

If the basis is clear from the context or if it is the standard basis ordered in the lexicographical 
order we put V^/ lo denote the kth gradient with respect to thas basis. 

Example 1. Let go = u^,gi = u'^v,g 2 = uv'^,go = G K[u,z;]. We have = (6?x,0,0) ~ 
(1,0,0), v^S'i = i2v,2u,0) ~ (1,A,0), v^S '2 = (0,2u,2ii) ~ {0,1, B) and y^S's = (0,0,6?;) ~ 

(0,0,1) with A,B^ K(u, v). Here ~ denotes parallel vectors over the field of fractions. They 
are linearly dependent over 'K{u,v). 

Remark 1.4. We are interested in identifying sets of linearly independent forms gi,... ,gs G 
K[ui,..., Um]d whose kth gradients are linearly dependent over the field of fractions K(?xi,..., Um 
As we will see in the sequel, this construction is related to the vanishing of the A:th Hessian. 
Notice that given gi,... ,gs G K[ui,..., Um]d, if 

^ = dimKK[17i,..., Um]k, 

then the /cth gradients y^gi,..., are linearly dependent over K{ui,..., Um), the field 
of fractions. 

Let f £ R = IK[xo,... ,X]sf]d be an irreducible homogeneous polynomial of degree deg(/) = 
d > 1 and let Q = IK[Ao,..., X]\f] be the ring of differential operators. We define 

Ann(/) = {a G Q\a{f) = 0} C Q. 

Since Ann(/) is a homogeneous ideal of Q, we can define 

Ann(/) 

Therefore A is a standard graded Artinian Gorenstein K-algebra such that Aj = 0 for j > d 
and such that Ad / 0, ( |MWt Section 1,2]). We assume, without loss of generality, that 
(Ann(/))i = 0. 

Conversely, by the Theory of Inverse Systems developed by Macaulay, we get the following 
characterization of standard Artinian Gorenstein graded K-algebras. A proof of this result 
can be found in [MWi Theorem 2.1] (see also [MS]). 

Theorem 1.5. ( Double annihilator Theorem of Macaulay) 

Let R = IC[xo,xi,... ,xn] and let Q = IC[Ao,..., Aat] be the ring of differential operators, 
d 

Let A = Aj = Q/I be an Artinian standard graded IK-aZ^e^ra. Then A is Gorenstein if 

i=0 

and only if there exists f £ Rd such that Ac^l Qj Ann(/). 

d 

Definition 1.6. Let A = © = Q/I be an Artinian Gorenstein W-algebra. The socle 

i=0 

degree of A is d which coincides with the degree of the form f. The codimension of A is the 
codimension of the ideal I C Q which coincides with its embbed dimension. 


s > 


k m 
k 
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Definition 1.7. Let f G IK[xo, • • • ,xn] be a homogeneous polynomial, let A = 
associated Artinian Gorenstein algebra and let B = {aj\j = C be an ordered 

"K-hasis. The kth (relative) Hessian matrix of f with respect to B is 

Hessj = 

The kth Hessian of f with respect to B is 

hessj = det(Hessj). 

Remark 1.8. The Hessian of order A: = 0 is just hessj = /. The Hessian of order k = 1 
with respect to the standard basis is just the classical Hessian. Although the definition of 
Hessians of order k depends on the choice of a basis of the vanishing of the fcth Hessian 
is independent from this choice. More precisely a basis change has the effect of multiplying 
the determinant by a non-zero element of the base field K. Since we are interested in the 
vanishing of the Hessian we do not attach the basis in the notation of absolute higher Hessian. 

We now define the Lefschetz Properties (see [HMMNWWj ). 

Definition 1.9. Let ^ be a field and let 

d 

^ = 0^* 
i=0 

be an Artinian graded "K-algehra with A^ 0. 

The algebra A is said to have the Strong Lefschetz Property, briefly SLP, if there exists 
an element L G Ai such that the multiplication map 

•L^ : Ai —>• 

is of maximal rank for 0 < i < d and 0 < k < d — i. 

The algebra A is said to have the Weak Lefschetz Property, briefly WLP, if there exists 
an element L G Ai such that the multiplication map 

•L : Ai —>■ Aj_|_i 

is of maximal rank for 0 < i < d — 1. 

A is said to have the Strong Lefschetz Property in the narrow sense if there exists an 
element L G Ai such that the multiplication map 

•L^ : Aj —>■ Ad—i 

is an isomorphism for i = 0,..., [|]. 

These Lefschetz properties were inspired by the Hard Lefschetz Theorem for the cohomol¬ 
ogy ring of complex projective manifolds. We recall that such cohomology groups also satisfy 
the so called Poincare Duality. 

Definition 1.10. LetM. be afield and let 

d 

A = 0A* 

i=0 
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he an Artinian graded "K-algehra with Ad ^ 0. Lei 

• : Ai X Ad—i —>■ Ad 

(a,/3) —>■ a •/? 

he the restriction of the multiplication in A. 

We say that A satisfies the Poincare Duality Property if: 

(i) dimicC^d) = 1; 

(ii) • : Ai X Ad-i ^ ~ K is non-degenerate for every i = 0,..., 


The algebra A is said to be standard if ^ ~ as graded algebras, with I C 

]K[xo,..., a homogeneous ideal and the degrees of Xq, xi,... ,xn are one. 

Proposition 1.11. ( |GHMSj . |MWl Proposition 2.1]), [MSI Proposition 1.4] Let A he a 
graded Artinian 'K-algebra. Then A satisfies the Poincare Duality Property if and only if it 
is Gorenstein. 


Definition 1.12. To each Artinian graded K algebra A 
dimK^j, we can associate its Hilbert vector 


d 

Ai as above, letting hi = 

i=0 


mih{A) = {l,hi,...,hd). 

Algebras satisfying the Poincare Duality property have symmetric Hilbert vector, that is, 
hd-i = hi for every i = 0,1,..., [|]. The Hilbert vector of A is said to be unimodal if there 
exists an integer t > 1 such that 


l<hi<...<ht> ht+i >...> hd-i > 1 . 


The fundamental link between the study of the Lefschetz properties and the higher Hessians 
is the following Theorem due to Watanabe (see [Wall IMW] ). 

Theorem 1.13. f jWal] . |MW] ) Let notation he as above. An element L = aoxo + ... + 
onxn € Ai is a strong Lefschetz element of A = Qj Ann(/) if and only i/hessj(ao,... ,OAr) / 
0 for all k = 0,..., [d/2]. 

Remark 1.14. It is not difficult to see that for a standard graded Artinian Gorenstein 
algebra A = Q/ Ann(/) the notion of SLP and SLP in the narrow sense coincide. 

For N = 1 (codimension 2) all Artinian graded algebras satisfy the SLP f |HMNW] i. Thus 
all polynomials of degree d in two variables have non-vanishing A:th Hessian for all A: < 

For N = 2 (codimension 3) it is an open problem to know if the SLP (or the WLP) holds or if 
there exist Artinian Gorenstein algebra not satisfying the SLP (or the WLP). In [BMMNZ] the 
authors reduced the problem of the WLP to the so called compressed algebras, more precisely 
they prove that if all compressed standard graded Artinian Gorenstein of codimension three 
satisfy the WLP, then all standard graded Artinian Gorenstein of codimension three satisfy 
the WLP. 
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2. Families of forms having vanishing /cth Hessian 

The aim of this section is to prove Theorem 12.31 which is a generalization of Gordan- 
Noether Theorem 13.111 In order to do this we deal with the constrnctions of two families of 
polynomials having fcth vanishing Hessian. To construct these families we look for a higher 
order Gordan-Noether criterion, Proposition 13.101 at least giving a sufficient condition to the 
vanishing of the /cth Hessian. 

The unifying point of view can be summarized in the next Proposition, which is the 
core of our subsequent constructions. At the best of our knowledge all known examples 
of polynomials whose /cth Hessian vanishes identically, for some /c > 1, either satisfy this 
property up to a linear change of coordinates or /c = 1 and the polynomial is built up with 
separated variables using Perazzo polynomials , that satisfy this property (c.f. Appendix [Si 
[GR^ or [13 Ghapter 7]). 

Proposition 2.1. Let R = K[xo,..., Xn,ui,... ,Um] be a polynomial ring in m + n + 1 
variables and Q = ]K[Ao, ..., X^, Ui,..., Um] be the associated ring of differential operators. 
Let f ^ Rd be a form of degree d, k < d/2 an integer and A = A{f) = Q/ Ann(/). Suppose 
that there exists s monomials oi, 02 ; • • • j G Qk\ ..., Um]k linearly independent in 

Ak such that ai{f) € ... ,Um]- If s > ^b.en 

hessj = 0. 

Proof. Let Q = ..., Um] and B = Q/ Ann(/) nQ. Let us construct a monomial ordered 

basis of Ak, 

A = {ai ,... ,0^,71,... ,77/?!,.. .,/3r} 

The first s vectors are oi,..., as, and the last vectors {/3i,..., fr} consist of a basis B of Bk. 
Let 

V’^oiiif) = (/3i(«*(/)),.. ., f3r{ai{f))) = (aiiPiif)),... ,ai{f3r{f))) 
be the gradient of «*(/) with respect to the basis B. For i = 1,..., s, the first s rows of 
Hess^ are 

L, = (0,... ,0, v^ai(/))- 

Indeed, for any differential operator 6 G {ai, ... ,q;<j, 7 i, ... , 7 ;} it depends on some of the 
variables Xq,... , A„. Since «*(/) G K[ui,... ,Um], we get ai{d{f)) = 6{ai{f)) = 0. 

By hypothesis, s > {^~k~^^) = dim]K[[/i,..., Um]k, hence the /cth gradients of the ai{f), 
V^ai(/), ■ ■ ■, V^®s(/)) linearly dependent over ]K(ni,..., Um)- Therefore Li,... ,Ls are 
linearly dependent over K(xo,..., Xn, ui,..., Um) yielding hessj = 0. In fact, we can think 
on Hessj as a matrix with entries in IK(xo, ■ ■ ■, Xn, ui,..., Um), thus a necessary and sufficient 
condition for the vanishing of the Hessian is actually the linear dependence among its rows 
over the field of fractions ]K(xo ,... ,Xn,ui,..., Um)- D 

Let us revisit an example due to Ikeda m and |MW] from the previous perspective. 

Example 2. Let / = xqu\u 2 -\-xiuiu^ +Xqx\ G ]K[xo, cci, rti, tt 2 ] 5 . According to the previous 
notation we have m = 2, k = 2,e = 3,d = 5. For this polynomial we have hess/- A 0 and 
hessj = 0. 
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Indeed, it is easy to see that the first partial derivatives of / are linearly independent, so 
by Theorem 13.91 hess/ / 0. On the other hand, fxoU 2 = = 3 nfn 2 ,/xiC /2 = 

3uiU 2, fxiUi = '>J -2 ^ ]K[tti,U 2 ]. Therefore, hessj = 0, by Proposition 12.11 Indeed, dim ^2 = 
lOky and following the strategy of Proposotion 12.11 we can choose an ordered basis for A 2 
starting with {X 0 U 2 , XqUi, X 1 U 2 , XiUi} and completed hy B = {[/f, [/it/ 2 ) }• 

stance we can choose the basis {XqU 2 , XqUi, X 1 U 2 , XiUi, Xq, XqXi, X‘f,Uf ,UiU 2 ,U 2 }- Let 
us denote /i = fxoU 2 = /2 = fxoUi = 3 ufu 2 , h = fxiU 2 = = fx^Ui = u^. 

Since s = 4 > 3(^’''^~^), by Proposition 12.11 hessj = 0. 

The hrst family we construct is a generalization of Ikeda’s Example. 

Let Mi,...,M„ be monomials in ]K[tt, Let V = K[U,V]k-i{Mi,..., Mn} be the 

vector space spanned by the {k — l)th derivatives of the monomials Mi with respect to u, v. 

Definition 2.2. With the previous notation, i/dimV > k + \, then a plolynomial of the form 
f = YhxiXIi + h{x) e ]K[tt,t;,xi,... ,Xrf\ is called an exceptional polynomial of degree d and 
order k. 

Theorem 2.3. For each n > 3, for each d > 5 and for 2 < k < ^ there exist irreducible 
exceptional polynomials f G ]K[ri, v,X 2 , ■ ■ ■, Xn] of degree deg(/) = d such that 

hessj / 0 and hessj = 0 for r = 2,... ,k. 

Furthermore, if k + l < ^, then hessj"*"^ / 0. 

Proof. Consider / = g{u,v,X 2 ,xs) + h{x 2 ,xs)+p{x 4 ,... ,Xn) with g = X 2 U^~^v'^~^ + xsu'^~‘^v, 
and let h and p be chosen to make / irreducible. Let f = g + h, and consider X C For a 
general h one can check that / does not define a cone in P^, since its first partial derivatives 
are linearly independent. By Gordan Noether Theorem, Theorem l3.9l here. we have hessj 7 ^ 0. 
Notice that 

Hess j 0 
0 Hessp 

Since hessj / 0 and hessp / 0 for general p, one concludes that hess/ / 0 for a general / of 
this type. 

On the other hand, for each r < k we consider aj = X 2 U^~^~^V^ with j = 0,... ,r — 1. 
Thus e Consider 13 = X^U^-^V and 7 = 

so that fp = , f^ = cu'^ ^ G ]K[u, u]rf_j.. Recall that the linear independence 

of {oo) ■ ■ ■) «r-i;/3; 7 } C Ar is equivalent to the linear independence of the derivatives 
{/«o) ■ ■ ■ 5 /cfr-u//Jj Al C ]K[tt,u]rf_r. To conclude their linear independence it is enough 
to verify that neither nor f.y is a scalar multiple of fa- for j = 0,...,r — 1. If this were 
the case, one would deduce either j = d — k<r — 1, yielding d < d — 1, or j = d — k — 1 
implying d < d and one would get a contradiction in both cases. 

Since dim]K[t/, P],. = r + 1 and since we found r + 2 linearly independent differentials 
{do,..., Or-i, f3, 7 } C Aj., we get hess/ = 0 by Proposition 12.11 


Hess/ = 
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To conclude the proof we must show that hesSj"*"^ 7^ 0 for the general / if j + 1 < 
Consider f = g + h + p, then 


d 

2- 


Hessj’*'^ = 


Hess^+i 

0 

0 


Hess 


fc+i 


0 

0 

Hess^+i 


Since hess^"''^ / 0 and hesSp"*"^ / 0 for general h, p, it is enough to prove that hess^"'"^ / 0. Let 
Q = K[U,V, X 2 , X 3 ] be the ring of differential operators and consider A = Q/{Ann{g)) for 
g = + vx^u^~‘^. Notice that dimH^+i = 2A: + 4 since a ordered IK-basis for is 


B = {ai,Q;2,a3,a4,/3o,7o,/3i,7o - • • • • •, A-i, 7fc-i}- 

Where 

ai = [7^+1 
02 = 7/^X3 
03 = U^V 
04 = U’^-^VXs 

And for i = 0,..., fe — 1. 


Pi = 

= V^-^X 2 W 

The matrix Hess^'*’^ can be partitioned in blocks, induced by the partition of the basis B 
by choosing the first four vectors {04,02,03,04} and the 2 k other ones. 


Hess^+^ = 


©4x4 04x2fc 
02fcx4 ^2kx2k 


The zero in the block anti-diagonal follows from OiPj = i+2yfc+i 1 ^ Ann(5r) and 

0,74 ~ X 2 Xl~^ e Ann(g') for every i = 1, 2, 3,4 and j = 0,..., fc — 1. 

We claim that 


©4x4 


* * * * 

* * * 0 

**00 
*000 


With the elements of the off diagonal non-zero, hence, det 0 7^ 0. Indeed the elements of the 
off diagonal are, 0404 = 02O3 = U'^^VX^ ^ Ann(5r) and the elements of the lower triangle 
0204,03,0304,04 e Ann(5). 


In the same way 


^ 2 kx 2 k 


* ... * 0 

. 0 0 

* 0 ... 0 


In fact, the off lower triangle is zero since /3,7j = ^ Ann(g') if i -|-j > k — 1. 

On the contrary, the elements of the off diagonal are non-zero, because they are Pi^k-i-i = 
Yk+ 2 jjk-ij^^ ^ Ann(5r). Therefore det A 7^ 0 and the result follows. □ 
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Remark 2.4. We want to stress that, by Gordan-Noether’s Theorem, this class of forms 
with vanishing higher Hessians starts with four variables which does not occurs for the classic 
Hessian (c.f. Theorem l.‘1.9jl . So, exceptional forms are actually of different nature and not 
associated to Gordan-Noether’s construction. 

The second family we construct was inspired by the Gordan-Noether’s and Perazzo’s poly¬ 
nomials. They are called GNP-polynomials of type {m,n,k,e) ( see Proposition 12.5j) . They 
are a natural generalization of Perazzo’s polynomials; for instance, any GNP-polynomial of 
type (m,n, l,e) is a Perazzo polynomial (c.f. |Pe ( IGRiij l. They are also a generalization 
of some special cases of GN polynomials, more precisely, the case = 1 in Definition 13.171 
and the general case, assuming Pj = 0 for j / 0,(c.f. |GRS| or |Rul Chapter 7]). GNP- 
polynomials also generalize some examples due to Maeno and Watanabe, (c.f. |MWl p.lO, 
Example 5.1] and [MWl p. 11, Example 5.2]). 

Proposition 2.5. Let xq, ... ,Xn and ui,..., Um be independent sets of indeterminates with 
n + 1 > m >2. For j = 1,s, let fj G K[a:o,..., Xn]k gj € IK[mi, ..., Um]e be linearly 
independent forms with 1 < k < e. If s > then the form of degree d = e + k given 

by 

(1) / = fm + • • • + fsds 

satisfies 

hessj = 0. 

Let A = Ql Ann(/) with f of type [I] and suppose that dim Ai = m + n + 1. If hess^ = 0 then 
f is called a GNP-polynomial of type {m,n,k,e). 

Proof. Let R = K[xo ,..., Xn,ui ,..., Um], let Q = K[Xo,..., Ui,..., Um] be the associ¬ 
ated ring of differential operators and let A = A{f) = Q/Ann(/) be the associated Artinian 
Gorenstein algebra. 

Consider a basis of Ak whose hrst s vectors oi,..., are the dual of /i,... , /^ in the sense 
of Remark 11.21 that is ai{fj) = 6 ij. Notice that aj(f) = gj € IK[ui,... , Um] for j = 1,..., s, 
and that by hypothesis s > = dim]K[t/i,..., Um]k- Thus hessj = 0 by Proposition 

O □ 

Now we prove the existence of families of GNP-polynomials of type (m, n, k, e) for every 
codimension A^-|-l = m-|-n-|-l>5 and for every degree d = e -I k > 3. Our strategy is 
to determine the possible values of dimAi for GNP-hypersurfaces of type {m,n,k,e) with 
m >2. Since we deal with a separation of the set of variables in two subsets with different 
roles, we call the ui,..., Um essential variables and xq, ..., x„ superfluous variables. 

Definition 2.6. Set 

A^e — {dimAijA = Q/ Ann(/),/ is a GNP-polynomial of type (m, re, fc, e)}. 

Denote Om = amik, e) = min and bm = bm{k, e) = max 


Lemma 2.7. 


— {5, 6 ,... , e -|- 3} 
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Proof. By Proposition 12.51 since dimK[u,i;]fc = A; + 1, it is enough to exhibit k + 2 linearly 
independent gj E ]K[u,?;]e. Let gj = for j = 0,1,... , A: + 1. the minimal number of 

superfluous variables is 3 and we can take fj = for j = 0,..., A: and /fc+i = . 

Therefore / = + x^~^yu^~^v + ... + y^u^~^v^ + is a GNP-polynomial 

of type {2,2, k,e). Hence, dim^i > 5. 

The maximal number of linearly independents gj E K.[u, v]e is dimu M.[u, uje = e +1, so the 
maximal number of superfluous variables is e + 1, and we can take fj = Xj for j = 0 ,... k. 
Therefore dim < e + 3 and all intermediate values are achieved. □ 


Theorem 2.8. For each N > 4, d > 3 and 1 < k < ^ there are GNP-polynomials f = 
figi + ... + fsPs of type (m, n, k, e) with N = m + n and deg(/) = d = e + k. 

Proof. Following Definition 12.61 we easily see that = {am,am + 1, ■ ■ ■ ,bm}. Since, by 
Lemma [2771 Af. ^ = {5,6,..., e + 3}, it is enough to prove that Om+i < for all m >2. 

To verify the inequality we will compute bm and an upper bound A^+i for Om+i, such 
that Om+l ^ -^m+l Fi bm- 


(1) Computation of bm- 

Fixed m, k, e, to maximize dim Ai = m+n+1 we must maximize n. Let {gi,..., gg} be 
complete basis of M.[ui,..., Um]e (for example, the standard basis), then s = - 

^m-i+ey g ^ , by Proposition 


Let fj = Xj iov j = 1,..., 
12.51 / is a GNP-form and 


bm = 'm + 


m — 1 + e 


(2) An upper bound for 0^+1- 


We construct an example to obtain an upper bound for Om+i- Let {fi,..., fg} 
be a basis of ]K[xo,... ,Xm+i]k and let {<71, ... ,gg} C K[ui,... ,Um+i]e be linearly 
independent set. This is possible because s = fo^ e > k. By 

Proposition 12.51 / is a GNP-polynomial of type (m -|- 2,m -|- l,A:,e). Therefore, 
choosing the g^ depending on all the variables uj, we get dim Ai = 2m -|- 3, yielding 


— 2iTTI “1“ 3. 

Notice that Om+i < 2m -|- 3 < m -|- = bm for all e > 2 and for all m > 2. Indeed, 


^m — 1 -|- 


/m-|-(e —/m + e — l\ 


m -|- e > m -|- 2. 


Therefore (”* > m + 3 ^ bm > ‘2m + 3. 

The result now follows from the fact that 
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Remark 2.9. The GNP-polynomials are deeply connected with Gordan-Noether’s ones and 
they generalize Perazzo’s ones. For this reason they only appear for iV > 4, and the case 
k = 1 is also covered. In general a GNP-polynomial of type (m, n, k, e) with k > 1 does not 
have hess^~^ = 0 as one can check directly in many examples. Furthermore for k > 1 one 
can prove that the general GNP-polynomial of type {m,n,k,e) has hess/ 7^ 0. As a matter 
of fact we have been unable to construct a GNP-polynomial of type (m, n, k, e) such that 
hessj- = 0 for some j < k. 

Summarizing the results of this section we have proved the following generalization of 
Gordan Noether’s theorem (c.f. Theorem 13.lip . 

Corollary 2.10. For each pair {N,d) 0 {(3,3), (3,4)} with N > 3 and with d > 3, and 
for each 1 < k < ^ there exist irreducible polynomials f G IK[xo, ... ,Xn,ui,... ,Um,], where 
N = m + n, such that the hypersurface X = V{f) C is not a cone and hessj = 0. 

3. Artinian Gorenstein algebras that do not satisfy the Lefschetz properties 

The goal of this section is to apply the previous results to construct Artinian Gorenstein 
algebras that do not satisfy the Lefschetz properties. The link between these two subjects is 
Theorem 11.131 that will be restated now in a slightly different way. 

Theorem 3.1. l [Wal| and [MW| 1 Let A = Q/Ann(/) be a standard graded Artinian Goren¬ 
stein algebra with f G lK[xo,... ,X]y]ii, suppose that (Ann(/))i = 0. Then: 

(1) A ~ satisfies the SLP if and only i/hessj 7^ 0 for every A; = 1,..., [d/2]. 

(2) If d < 4:, then A satisfies the SLP if and only i/hess(/) 7^ 0. In particular for N < 3, 
every such A satisfies the SLP. 

Corollary 3.2. For each pair {N,d) 0 {(3,3), (3,4)} with N >3 and with d>3, there exist 
standard graded Artinian Gorenstein algebras A = of codimension dim Ai = N-\-l > 4 

and socle degree d that do not satisfy the Strong Lefschetz Property. Furthermore, for each 
L G Ai we can choose arbitrarily the level k where the map 

•L'^ : Afc —)• Ad-k 

is not an isomorphism. 

Proof. It is just a version of Corollary 12.101 with a view of Theorem 13.11 □ 

Corollary 3.3. For each pair {N, d) 7^ (3, 3) with N > 3 and odd d = 2q + 1 > 3, there exist 
standard graded Artinian Gorenstein algebras A = with dimAi = -|- 1 and socle 

degree d with unimodal Hilbert vector and that do not satisfy the Weak Lefschetz Property. 

Proof. Since d = 2q + 1 is odd, we can take A: = in Corollary 13.21 so that •L : Ag —)• Ag+i 
is not an isomorphism for all L G Ai. Since d — q = q 1, dim Ag = dim Ag+i and the map 
has not maximal rank. To conclude the proof we must show that we can choose / in such a 
way that the Hilbert vector Hilb(A) is unimodal. 

We shall consider two cases, according to N is even or odd. In both cases we use 
{ALi\i = 1 ,... = (™'~g^^'^)} to denote the standard basis of IC[tti,..., Um]q lexicographically 
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ordered. So, we have Mi = u'( and Mi, = Um- We take s = i^ +1, we set x = (xi,..., Xm) and 
u = (tti,..., Um) in the next constructions we denote Mi{u) = Mi and Mi{x) the equivalent 
monomial in the variables xi,..., Xm- 

(i) First case: N even. Set d = 2q + l, n = m>2, N = 2m > 4. Consider 

f = ^ Mi{x)Mi{u)Um- 

i=l 

For each A: = 1,..., [|J = g, all differentials of the form with 

ai +.. .+am + hi + .. . + hm = k are linearly independent. The remaining differentials 
in Ak are ..., X^-^Ui,X^. Hence, 

hk = k+ ^ ^)’ ^ • ’9- 

Therefore Hilb(A) is unimodal. 

(ii) Second case: N odd. Set d = 2g + l, n = m + l>3, A^ = 2m + 1 > 5. Consider 

I'—l 

f = + ^m+lUm^ + ^ XIi{x)Mi{u)Um- 

i=l 

For each A: = 1,..., [|j = q, all differentials of the form ... X^U^'^ ... with 
oi +... + Om + + ■ ■ ■ + ^ are linearly independent. The remaining differentials 

in Ak are XoU^-\ ..., X^-^Ui,X^ and Xm+iUt \• • •, X^+\C/,n, ^^+1- Hence, 

hfc = 2 A:+f J, for A: = 1 ,... ,g. 

Therefore Hilb(H) is unimodal. 

□ 

Remark 3.4. We want to recall that an Artinian Gorenstein algebra has the WLP if and 
only if the map •L : Aj —)• Aj+i is injective in the middle (see [MMNl Proposition 2.1]). 

For d = 2q + 1 odd we can take i = q and consider only the map •L : Aq ^ ^q+i- la Hiis 
case, by duality, the injectivity of •L gives us an isomorphism and it is equivalent to the non 
vanishing of hessj. 

On the other hand, for d = 2q even, we can take i = q — 1 and consider the map •L : 
Aq-i —>■ Aq. Notice that the non-vanishing of the Hessian hessj gives us an isomorphism 
•L^ : Aq-i —)• Aq^i which implies the injectivity of •L : Aq-i —)• Aq. In the even case, 
the converse is not true. The injectivity of •L : Aq-i —)• Aq implies the surjectivity of 
•L : Aq ^ Aq^i, but it does not imply an isomorphism : Ag_i —)• In this case we 

need more than the vanihsing of the {q — l)-th Hessian to get the failure of the WLP. The 
next example is of this type. 

Example 3. Let / = xu^ + yu^v + zuv^ + ^ R = ]K[x, y, z, u, v] and let A = Q/ Ann(/). 

Since hessf = 0, the map •L^ : Ai —)• A3 is not an isomorphism. On the other hand, the map 
•L : Ai —)• A2 is injective for L = U -|- F, as one can easily check. 
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Theorem 3.5. All standard graded Artinian Gorenstein ^-algebra A = Qj Ann(/) of codi¬ 
mension 5 and socle degree 4, with K an algebraically closed field of characteristic zero, satisfy 
the WLP. 

Proof. By hypothesis / € IK[xo,..., X 4 ] and it depends on all the variables. 

If hessf / 0, then 

: Ai —>■ A'^ 

is an isomorphism, hence •L : Ai —>• A 2 is injective and •L : A 2 —)• A 3 is surjective. Therefore 
the result follows. 

If hessf = 0, we claim that / must be a reduced polynomial. On the contrary, if we take 
/ = vT) the radical of /, then / does not define a cone, deg(/) = 2,3 and hess^ = 0 by 
Theorem [DPI Thm. 1]. If deg(/) = 2 we have a contradiction, since Hesse’s claim is true for 
quadratic polynomials. The other possibility is that deg(/) = 3. In this case, / = I 1 I 2 I 3 is a 
product of three independent linear forms, which defines a cone, and we have a contradiction 
again. So we can assume that / is a reduced polynomial. By the classification Theorem of 
Gordan and Noether in P^, Theorem 13.191 up to a projective transformation / must be of 
the form 

/ = xofo + xi/i + X 2/2 + h, 

where fi G ]K[n, ujs and h G ]K[tt, i;] 4 . It is easy to see that if we change h G lK[ti, i ;]4 the 
Hessian is still zero, so we can suppose that / is irreducible. Consider the map f : P^ P^ 
given by (j){u : v) = (/o : /i : / 2 ). The image oi (f, Z = (/)(P^) is a rational curve of degree 
two or three. In fact, it is a projection of the twisted cubic V 3 (P^) C P^ from a point. We 
have only three possibilities: 

(i) Projection from an internal point. In this case Z C P^ is a conic. Up to projective 
transformations Z = V{z‘^ — xy) C P^, /o = v?, fi = uv^, f 2 = u^v. In this case 

/ = xou^ + xiuv^ + X 2 U^v + h{u, v). 

Taking L = U + V G Ai one can verify directly that •L : Ai —>• A 2 is injective. The 
map •L : A 2 —)• A 3 is surjective since the image of {XiU, XiV, C/^, UV, generates 
A 3 . Therefore A satisfy the WLP. 

(ii) An external projection whose center belongs to the tangent surface of the twisted 
cubic, TV 3 (P^). In this case Z C P^ is a cuspidal cubic. Up to a projective transfor¬ 
mation Z = V{zy‘^ — x^) C P^ and /o = u^v, fi = u^, f 2 = v^. In this case 

/ = XqU^V -\- XlU^ -\- X 2 V^ h{u, v). 

Taking L = U + V G Ai one can check that •L : Ai —)■ A 2 is injective. The map 
•L : A 2 —)• A 3 is surjective since the image of {XqU, XqV,U'^,UV,V'^} generates A 3 . 
Therefore A satisfy the WLP. 

(hi) A general external projection. In this case Z C P^ is a nodal cubic curve. Up to a 
projective transformation Z = V{zy‘^ — x‘^{x -|- z)) C P^ and /o = v{u'^ — u^),/i = 
— u^), /2 = v^. In this case 

/ = xov{u‘^ — v^) -|- xiu{u^ — v^) -k X 2 V^ -\- h{u, v). 
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Taking L = V G Ai one can check that •L : —>• A 2 is injective and •L : A 2 ^ A^ 
is surjective since the image of {XqU, XoV,U'^,UV,V‘^} generates ^ 3 . Therefore A 
satisfy the WLP. 

□ 

Lemma 3.6. Let f G R = IK[xo, • • •, Xn,ui ,..., Um] of degree deg(/) = k + d with k < d. 
Suppose there exist ai,... ,as G A^ linearly independent differential operators such that for 
all L G Ai we have f^ai G IK[ui, • • • ,Um]- If s > then the map mL ■. A^ ^ ^fc+i is 

not injective. 

Proof. Let Q = IK[Xo,..., Xn, Ui,..., C/m] he the ring of differentials and consider the mul¬ 
tiplication •L : Qk ^ Qk+i- Let Ak = QklQkL\ Ann(/). Consider also the evaluation map 
ev : Qk ^ Ro-k, sending a to fa. An element a G Ak\ {0} is in the kernel of the multiplica¬ 
tion map •L : Ak ^ Ak+i if and only if there is a representative, which by abusing notation 
we denote by a G Qk, whose image under the composition 4>k ■ Qk ^ Qk+i —^ Rd-i is zero. 
Choose for j = 1 ,..., s, aj G Qk Si representative whose image in Ak is Oj. Let 

S 

W = ^KaiCQk. 

i=l 

By hypothesis dim W = s > ■ Since the image of the restriction of (fk to W lies in 

lC.[rii,..., Um]d-i and since dimIC[rti,..., Um]d-i = the result follows. □ 

Lemma 3.7. Let f G R = K[xo,... ,Xn,ui,... ,Um]d ond suppose f = g + h with g G 
]K.[a;o 5 ■ ■ ■) Xn]d ond h G ]K[mi, ..., Um]d- Lot Q he the associated ring of differential operators 
and set A{f) = Q/Ann{f), A{g) = Q/Ann{g) and A{h) = (5/Ann(/i). Then, the Hilbert 
vector of A{f) is given by 

dim(Afc(/)) = dim(Afe(c/)) -h dim(Afc(/i)). 

For k = l,...,m + n. In particular, i/Hilb(A(g()) and Hilb(A(/i)) are unimodal, then 
Hilb(A(/)) is also unimodal. 

Proof. Notice that Ann(/) = Ann(( 5 r) n Ann(/i). For I,J <zQ homogeneous ideals, we have 
for each degree k = 1 ,... ,d — 1 

^/n “ (y)fc© (j)fc 

as K-vector spaces. □ 

We now are in position to prove one of our main results. 

Theorem 3.8. For each pair {N,d) 0 {(3,3), (3,4), (4,4), (3,6)} with N >3 and with d>3 
there exist standard graded Artinian Gorenstein algebras A = codimension -|- 1 

and socle degree d, with unimodal Hilbert vector, Hilb(A) and that do not satisfy the Weak 
Lefschetz Property. 

Proof. For N = 3 and d = 3,4 the impossibility comes from Corollary 13.11 The case (3, 6 ) 
follows by |BMMNZl Cor. 3.12] which includes also the cases (3,3) and (3,4). In the case 
(4,4) Proposition 13.51 yields that A satisfies the WLP. 
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Corollary 13.31 yields the result for odd d so we can restrict ourselves to the even case 
d = 2q > A and N > 3. 

For d = 4 we assume N > 5. Consider the polynomials of the form 

/ = X 2 U^ + X^U^V + XiUV^ + X^V^ + g{u, v) + h(x 6 , . . . ,X]y) 

and notice that X 2 , X 3 , X 4 , G Ai are linearly independent. Indeed, fx 2 = fx^ = u'^v, 
fx 4 = and fx^ = v^. Notice also that fLXi S IK[u,'(;] 2 . In fact, if 

L = clqU + aiV + C 12 X 2 + CL^X^ + a^X^ + a^X^ + clqXq + ... + axXx G Ai, 

then LXi = a^UXi + aiVXi G A 2 for i = 2, 3,4, 5 and the claim follows. Since s = 4 > 3 = 
dim]K[[/, V ]2 we can apply Lemma [3?6l to deduce that the map •L ■. Ai ^ A 2 is not injective, 
proving that A does not satisfy the WLP. On the other hand, taking / = X 2 V? + x^u^v + 
Xiuv"^ + x^v^ + g{u, v), one can check that Hilb(A(/i)) = (1, 6 , 6 , 6 ,1) for all g G K[u, u]. For 
a general h G ]K[x 6 , ■ ■ ■, xat], Hilb(A(/i)) is unimodal. Hence, by Lemma [37FI Hilb(H(/)) is 
unimodal. 

For d = 6 we assume iV > 4 and take the exceptional form given by 

/ = X 2 u‘^v^ + x^u^v + x^uv^ + g{u, v) + h{x 2 ,X 3 , ... , xx) 

We have five linearly independent second order differentials ai = W 2 C/, 02 = -^ 2 ^, 0:3 = 
X^U,a 4 = W 3 I 4 , as = X 4 U G A 2 such that fai = uv^, fa^ = v?v‘^, fas = fa 4 = and 
fas = For all 

L = all + bV + 02^2 + 03 X 3 + ... + axXx 

we have Lai = aUai+hVai for i = 1,... , 5. Therefore, by Lemma r3.6[ the map •L : A 2 ^ A^ 
is not injective so that A does not satisfy the WLP. We claim that Hilb(H(/)) is unimodal. 
In fact, taking fi = X 2 U^v^ + x^u^v + x^uv^^ + g{u, v), Hilb(H(/)) = (1,5, 8 , 8 , 8 ,5,1) for all 
g G ]K[u, u]. Choosing h in such a way Hilb(H(/i)) is unimodal, we conclude that Hilb(H(/)) 
is unimodal by Lemma 13.71 

For d = 2q > 8 , we assume N > 3. We investigate the following maps: 

Aq-i —)• —>• Aqj^i 

If dimHg < dimHg_i, then the Hilbert vector of A is not unimodal and hence the algebra 
does not satisfy the WLP. So we can suppose dimHg > dimHg_i and we prove that •L : 
Aq-i —>■ Aq is not injective, which implies that A does not satisfy the WLP. Let / be the 
exceptional form 

/ = + g{u, v) + /l(x 4 , X 5 , . . . , Xn) 

Letting a* = X 2 C/W^“^“* G Aq^i for i = 0, ...,5 — 2, we have /q. = aiU^~‘^~^v^^^. Let 
Pj = G Hg_i for j = 0,1,2 so that, after remarking that 2 < q — 2, we 

deduce Since the monomials /□,. and fp. are distinct for i = 0 ,..., g — 2 

and j = 0 , 1 , 2 , they are linearly independent in Hq_i so that IF = ©Ka^ 0 C Qq-i 
has dimension g + 2. For all L G Hi it is easy to check that fLon,fL^i G ]K[tt,u]g. Since 
dimK[tt, v\q = q + 1, we can apply Lemma (3^ to deduce that the map •L : Hq_i —>■ Aq is not 
injective, proving the result. By other side /i = X 2 u'^~‘^v^^^ + + g{u,v) define a 

Artinian Gorenstein algebra of codimension 4 and such that dim H 2 = 7, hence, by the main 
result of lEI, Hilb(H(/i)) is unimodal. Again, by Lemma 13.71 we conclude that for a general 
choice of h, Hilb(H(/i)) is unimodal, thus Hilb(H(/)) is unimodal. □ 
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Appendix: Forms with vanishing Hessian, an overview 

The aim of this appendix is to recall classical results and constructions of hypersurfaces 
with vanishing hessian whose original work was writen in German (see [GNj ) and Italian (see 
[Pel IPtll IPt2[ IPt3] ). Some of this classical work was revisited in [GR,S[ IGR,[ IWal[ ILo[ IGR,u[ 

ESI El- 

The interest in forms with vanishing hessian starts with Hesse’s claim ( [Hel[ iHe^ ) stating 
that a form of degree d, / € K[xo,xi,... ,xn] has vanishing hessian, hess/ = 0, if and only 
if there exists a linear change of coordinates vr such that the transformed form /t^ does not 
depend on all the variables. Since the vanishing of the hessian is invariant by a linear change 
of coordinates, the “if” implication is trivial. In degree d = 2 Hesse’s claim is trivial by 
diagonalizing the quadratic form. From now on we shall assume d > 3. Let / be a reduced 
polynomial and lei X = V (/) C the hypersurface. From a geometric point of view Hesse’s 
claim can be restated as hessj = 0 if and only if A is a cone. 

Hesse’s claim is not true in general as it was observed by Gordan and Noether 1 [GN] L More 
precisely, in [GNj the authors proved that Hesse’s claim is true for N <3 and they produced 
a series of counterexample for any A > 4 and for any d > 3. The easiest counterexample to 
Hesse’s claim is / = xu^ + yuv + zv"^ G ]K[3:, y, z, u, u] and it was explicitly posed by Perazzo 
in |Pe] . who called it un esempio sempUcissimo. A modern proof of the next result can be 
found in ([dBl ^ [GRl IW^ ?]). 

Theorem 3.9. |GN| Let X = V{f) C P'^, N < 3, be a hypersurface such that hessj = 0. 
Then X is a eone. 

In [GNj the authors produced a series of counterexamples to Hesse’s claim for each N > 
4 and for each degree d > 3. The key point of the construction was to figure out that 
the vanishing of the Hessian is equivalent to the algebraic dependence among the partial 
derivatives (see loe. eit.). On the other hand, to be a cone is equivalent to the linear 
dependence among the partial derivatives. This result is sometimes referred as Gordan- 
Noether’s criterion since it was implicitly used in [GNj . A proof of it can be found in [GR,Sj 
and in [Pul Chapter 7]. 

Proposition 3.10. [GNj Let f G K[xo,... ,xn] be a reduced polynomial and eonsider X = 
F(/) CP^. Then 

(i) X is a eone fxo , • • •, fx^ linearly dependent; 

(ii) hessj = 0 fxo, ■ ■ ■, fx^ algebraically dependent. 

Theorem 3.11. [GNj For eaeh N > 4 and d > 3 there exist irredueible hypersurfaces 
X = V{f) C P'^, of degree deg(/) = d, not cones, such that hessj = 0. 

Proof. See Theorem 13.131 and Theorem 13.161 for a short proof. □ 

For the reader’s convenience we recall the classical constructions of Gordan and Noether, 
( [GNj l. Permutti, 1 [Ptll lPi^ IPt3j l and Perazzo ( [Pej 1 from an algebraic point of view. 

Definition 3.12. Let X = V{f) G P'^, N > 4 be an irreducible hypersurfaee not a cone. 
We say that X is a Perazzo hypersurface of degree d if N = n + m, n,m > 2 and f G 
]K.[xo,..., Xn, ui,..., Um] is a redueed polynomial of the form 

f = xogo + ... + Xngn + h 
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where gi G , Um\d-i for i = 0,..., n are algebraically dependent but linearly indepen¬ 

dent and h G K[ui,... ,Um]d- The polynomial f is called Perazzo polynomial. 

Theorem 3.13. |GNl IPe] Perazzo hypersurfaces are not cones and have vanishing Hessian. 

Proof. Since fxi = gi ior i = 0,... ,n are algebraically dependent by hypothesis, by Proposi¬ 
tion [31101 we have hess/ = 0. □ 

Remark 3.14. Notice that if n-|- 1 > m, then gi for i = 0,... ,n are algebraically dependent 
automatically. Perazzo original hypersurfaces are of degree 3 and he constructed a series of 
cubic hypersurfaces in for arbitrary > 4 with vanishing Hessian and not cones. These 
hypersurfaces are, modulo projective transformations, all cubic hypersurfaces with vanishing 
Hessian and not cones in P^ for = 4, 5,6, (see [P^ lGRO] ). 

n 

Definition 3.15. Let R = K[xo,... ,Xn,ui,... ,Um]- Let Q = '^^xogi G R be a form 

i=0 

of degree e with gi G K[ui,... ,Um]e-i for i = 0,... ,n algebraically dependent but linearly 
independent. Let g = . Let Pj G lK[ui,..., Um\d-je for j = 0,..., g. We say that 

f = T.Q’P, 

i=o 

is a Permutti polynomial of type {m,n,e). A hypersurface X = V{f ) C P'^, not a cone is 
called a Permutti hypersurface if f is a reduced Permutti polynomial. 

Theorem 3.16. |Ptl[IPt2] Permutti hypersurfaces are not cones and have vanishing Hessian. 

u 

Proof. We have fxi = jQ^ ^Pj)gi = Ggi for i = 0,... , n. Since, for i = 0,..., n, are 

algebraically dependent, fxi are too. Therefore, by Proposition 13.101 we have hess/ = 0. □ 

Finally we present the original Gordan and Noether hypersurfaces with a slight simpli¬ 
fication. A modern proof that GN=polynomials have vanihsing hessian can be found in 

[GRSllRl] . 

Definition 3.17. Let R = ]K[xo,..., Xn,ui ,..., Um]- For I = 1,... , s and for i = 0,..., n 
let ^ii G ]K[?/o, • • •, yr] ond G ]K[ui,..., Um] be homogeneous polynomials. Let gu G 
]K[ui,..., Um]e-i be given by gu = ,..., 4'*^), with 0 < i < n and 1 < I < s where 

s = n — r. Let Qi = xogoi Xngni with I = 1,..., s. Let d > e and g = . Let 

Pj{zi,..., Zs,ui,..., Um) for j = 0,..., /r 6e bi-forms of bi-degree (j, d — ej). A GN hyper¬ 
surface of type (m, n, r, e) is defined by a polynomial 

u 

f — 'y ^ PjiQli ■ ■ ■ 1 Qsi ■^1, . . . , Um)- 

j=0 

Remark 3.18. It is easy to see that a Perazzo hypersurface is a Permutti hypersurface with 
g = 1. Notice also that a GN hypersurface of type {m,n,n — l,e) must have s = 1, hence 
it is a Permutti hypersurface of type {m,n,e). We have presented the constructions in an 
increasing order of generality and complexity but the chronological order is actually [GNj . 
[Pe] and [Ptlj . 
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The main result of Gordan-Noether in |GNj is the following one. A geometric proof in 
modern terms can be found in [GEj IR,u] . 

Theorem 3.19. |GN| Let X = V (/) C be a reduced hypersurface, not a cone, having 
vanishing Hessian. The n f is a GN polynomial of type (2, 2,1, e) or equivalently a Permutti 
polynomial of type (2,2 ,e). 
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